Abstract. It is shown, that initial conditions in the quasi-Heisenberg quantization scheme can be set at an initial cosmological singularity per se. This possibility is provided by finiteness of some quantities, namely momentums of the dynamical variables, at a singularity, in spite of infinity of the dynamical variables themselves. The uncertainty principle allows avoiding a necessity to set values of the dynamical variables at singularity, as a wave packet can be expressed through the finite momentums. The issue of a vacuum energy, arising during evolution when the gravitational waves appear, is addressed as well. It is shown that, in the certain gauge, the equations of motion contain a difference of kinetic and potential energies of the field oscillators. Thus, in this gauge, the leading divergent parts of the vacuum energy in the equations of motion cancel each other. It is conjectured that the UV cut-off allows physical interpretation of the weakly divergent part of the vacuum energy.
Introduction
Singularity is a critical problem of modern cosmology [Hawking and Penrouse 1996] . In classical physics, it is considered as an impediment since the initial conditions for the universe evolution can not be formulated in terms of finite quantities at a cosmological singularity. One may expect that a quantization of gravity would avoid a singularity. Nevertheless, simple quantum cosmological models including anisotropic ones remain singular (Berger 1973) . Some class of models predict a "singular-escaping" bounce-like behavior (Bojowald and Paily 2012) . Extensions of the General Relativity (GR) provides with some additional scenarios of "escape from a singularity" (e.g., see Minkevich 2006) . However, there exists a possibility when a singularity does not prevent from a quantum evolution from "Beginning".
To consider such a possibility, one has to emphasize two strategics in a gravity quantization, which are based on two alternative pictures: Schrödinger's and Heisenberg's ones, which are equivalent in the ordinary quantum mechanics but not in quantum gravity. In quantum gravity, the Schrödinger picture is represented by the Wheeler-DeWitt equation (DeWitt 1967 , Wheeler 1968 ) which does not provide with an explicit time-evolution of universe ‡. As an alternative, an analog of the Heisenberg's picture has been developed. It consists in the quantization of the equations of motion. Such a (quasi-)Heisenberg picture has been described in details for mini-and midisuperspace models by Cherkas and Kalashnikov (2006 ,2012 ,2015 . As they suggest, it could serve a prototype of quantization for a complete set of the equations of motion for the (3+1)-dimensional GR. The aim of the present work is to consider more closely the singularity problem and partly the cosmological constant problem in the frameworks of this approach.
The quantization of the equations of motion requires setting the initial conditions for the quasi-Heisenberg operators and determining the corresponding Hilbert space in which they act. Though the initial singularity remains, the situation differs substantially from the classic one. It appears, that one may set initial conditions at singularity directly. It will be demonstrated on an example of the Gowdy model. The last admits an analytical solution within a whole time domain. Choosing an out-vacuum state is also possible, as the gravitational waves evolve against a classical background. It should be noted that the quasi-Heisenberg picture admits a more general case, when the background is quantum. However in this case, one needs to solve the operator equations of motion, that is tricky mathematical and computational problem.
Gowdy Model
Gowdy 1974 model (see also Berger 1974 , Mizner 1973 ) corresponds to an anisotropic universe, in which gravitational waves travel unidirectionally. We use slightly different gauge than the original Gowdy's one. In this gauge, the equations of motion contain a difference of the potential and kinetic energies of the field oscillators. In absence of evolution, this quantity is zero by virtue of the virial theorem. When a system evolves, the virial theorem is violated (Anishchenko 2008). As was shown earlier, the difference of the potential and kinetic energies provides a value of the universe acceleration parameter for the Friedman universe which is comparable with the observed one (Cherkas and Kalashnikov 2007) .
Let us come to the Gowdy model and take a metric in the form of
where the quantities τ, λ, V depend on the variables η, x. The Einstein equations lead to three equations of motion
and to two constraints ‡ Shestakova 2012 argues that namely Schrödinger equation, but not Wheeler-DeWitt one should be used in quantum qravity.
Let us discuss structure of the equations of motion (2a)-(2c). Eqs. (2a)-(2c) contain a part corresponding to the wave equation. Remaining parts belong to two different types. The first one is of (τ
In this case we refer to V as a "field" variable, whereas τ plays role of a "background" against which the field V oscillates. Equations for the "background" variable contain a difference of the kinetic and potential energies, e.g.
The situation is analogous to the simple model representing a string against a curved background (Cherkas and Kalashnikov 2012) . However, the equations for the background variable τ differ from those considered in (Cherkas and Kalashnikov 2012) because Eq. (2b) for τ is isolated, whereas the field variables contribute to the corresponding equation for the "background" in the toy model by Cherkas and Kalashnikov 2012. On the other hand, there is another "background" variable λ here, because the Gowdy model is anisotropic and one needs two variables τ and λ to describe a background. It should be noted, that the "background" variable λ does not influence oscillations of the "field" V .
The most interesting case is when the background variable τ is quantum and spatially nonuniform. However, a goal of the present paper is to consider the singularity problem so we take a simple gauge, where τ is nonquantum and spatially uniform. This allows obtaining an analytical solution considered in the original Gowdy 1974 model and detailed by Berger 1974. The way is to expand the variables into the Fourier series
The equation of motion (2b) for τ is isolated from the other ones. Thus, the spatially uniform initial conditions for τ make it to be spatially independent in the course of evolution. So one can take the initial conditions
where Π and T 0 are some constants. We will refer to T 0 (η) simply as τ (η) below. Advancing in such a way and using the aforementioned gauge, one comes to the following equations of motion and constraints:
The equations of motion (6a)- (6c) can be obtained from the Hamiltonian H = H 0 . It should be noted that Λ k at k = 0 is completely defined by the momentum constraint equation (7b), namely
One can introduce the momentums
and rewrite the Hamiltonian in the terms of these momentums
where it is taken into account that π −k = π * k and V −k = V * k . The (quasi-)Heisenberg quantization consists in quantization of the equations of motion that was described thoroughly Kalashnikov 2012, 2015) . Briefly, this procedure can be described in the following way. The operator initial conditions for the equations of motion include the conditions (5) rewritten in terms of τ and the remaining conditionŝ
where T 0 , L 0 are some c-numbers,
and Π is c-number, as well. The operatorsp k andv k do not depend on time and satisfy the standard commutation relations 
The next step is to define a Hilbert space, where the quasi-Heisenberg operators act. For this aim one should return to the Hamiltonian (10) and consider it as the Wheeler-DeWitt equation in the vicinity of T 0 → −∞. Besides, the momentum P Λ should be excluded with the help of the gauge condition P Λ = Π.
The corresponding Wheeler-DeWitt equation in the vicinity τ = T 0 → −∞ is given as
The solution of Eq. (13) has a form of the wave packet
v k p * k dp 0 dp 1 dp *
where the integral over dzdz * ≡ ρdρdφ 2πi
, z = ρe iφ is understood in the holomorphic representation as it has been implied by Faddeev and Slavnov 1987. In the momentum representation, the wave function (14) takes the form
Mean values of the quasi-Heisenberg operators in the momentum representation are given by the formula
, p i )dp 0 dp 1 dp * 1 . . .
Eq. (16) for a mean value is analogous to that used earlier Kalashnikov 2012, 2015) . One has to note, that T 0 in Eq. (16) is chosen to be initially finite that allows avoiding a singularity, but finally the limiting process of T 0 → −∞ is carried out.
For this simple model, the analytical solution exists that allows demonstrating the mean values in detail. The solution of Eq. (6a) is
First, let us consider a solution of Eq. (6b) in the vicinity of τ ∼ T 0 → ∞. It takes the formV
If T 0 tends to infinity then the expression for τ (η) becomes τ (η) = 1 2 ln (12Πη). However, the expression for the operatorV k (η) diverges formally under T 0 → −∞. This reflects a fact that it is impossible to set the field values at a singularity in the classic picture. Below, we demonstrate that the quantum picture validates the limit of T 0 → −∞ for the mean observable values.
Let us consider the mean value of (18) over the wave packet (15)
1 , p 0 , p 1 ...)dp 0 dp 1 dp * 1 . . .
..)dp 0 dp 1 dp * 1 . . .
One can see from Eq. (19) that the divergent terms with T 0 → −∞ cancel each other and the mean value ofV k is finite. Hence, the wave packet defined at a singularity determines whole evolution of a system. The approximate expression forV k has been used above. It is valid for η ∼ −∞. However, it is intensional to consider an exact expression and a contribution of the V − quantum fluctuations to the λ− evolution. The exact solution of the equation of motion (6b) with τ (η) given by (17) takes the form of
Here J 0 (z), Y 0 (z), Y 1 (z), J 1 (z) are the Bessel functions. Second derivative of the Λ 0 can be determined from the equation of motion (6c), whereas the first derivative of this quantity can be determined from the Hamiltonian constraint (7a): Let us take the Gaussian form of a wave packet to determine the evolution of a system
where the constant a k determines the width of a packet for every mode and N k is the normalization factor. The calculation according to (16) leads to the following expressions for k = 0 defining a mean value of the potential energy Ξ k and a value of the kinetic energy K k of every mode:
In a spatially uniform mode, sole kinetic energy term is
For a further analysis, it is convenient to consider a quasi-classical sector corresponding to late times. This insight can be provided by an expansion of the Bessel function into series over a large argument with keeping the leading terms:
Then, a simple estimation results from change of the oscillating multipliers by their time-averaged values. Thus, one has cos
< ψ|Λ
where
It should be noted, that Eq. (25) describing an averaged second derivative of Λ 0 in a sense of the time-averaged evolution can be obtained from Eq. (24) by differentiation over η. Turning to a continuous limit of k → 1 2π dk, one can see that the second term in Eq. (24), corresponding to a vacuum energy diverges for any asymptotic of a k at large k.
The most divergent term
vanishes under differentiation of Eq. (24). Concerning the remaining term which is mean value of the difference of the potential and kinetic energies of field oscillators, this issue has been discussed by Cherkas and Kalashnikov 2007 for Friedman universe. It has been found that this term defines a value of the acceleration parameter of universe, which is compatible with the observed one. One has note, that the UV cut-off of momentums was used by Cherkas and Kalashnikov 2007 in their estimates for Friedman universe. Certainly, no anisotropic expansion of the universe exists in reality so one cannot compare the results of the above calculations with some observational values.
Evolution of a vacuum state
In the gauge considered, the background variable τ is not quantum. For this particular case, one can use an ordinary quantization using the creation and annihilation operators. Thus, we consider quantization of the field V against the time dependent background τ (η) = 1 2 ln(12Πη). In this case, the field V is represented as (Birrel and Davis 1982)
The function u k (η) has to satisfy the condition
Mean values of the kinetic and potential energies of the mode k in a vacuum state equal to
Thus, one has to determine the functions u k . A vacuum state is defined as a state vanishing under action of the annihilation operator:â k |0 >= 0. However, the definition of u k is ambiguous. It should be noted that there exists a family of the functions u k , which satisfy Eq. (28) and are interrelated by the Bogolubov's transformation. Anischenko et al 2009 have suggested to define a vacuum state through minimization of some functional containing a difference of the potential and kinematic energies of the field oscillators. In such a way, one comes to the function
where H
0 (z) is the Hankel function of second kind. There is no particle (i.e., graviton) creation here, because the difference of the kinetic and potential energies is not oscillating quantity (Anischenko et al 2009) .
Using the asymptotic of the Hankel function for large arguments
one can obtain for a vacuum state
It is interesting to compare the above results with those from a quasi-Heisenberg quantization. For this aim one has to find the value a k in the Eqs. (24), (25) which minimizes the constant part contribution
. Substitution of this value to Eqs. (24), (25) leads to
Comparison with Eq. (31) demonstrates that the non-vanishing term supplements the vacuum state term in the (quasi-)Heisenberg quantization scheme. The sense is that any momentum wave packet at singularity has an inevitable counterpart corresponding to a matter. Thus, there is no need in a "matter creation from nothing" in the quasiHiesenberg picture because it exists primordially.
Discission and Conclusion
It is well known, that the GR is invariant relatively the general transformations of coordinates. It is difficult to expect that this property could remain in quantum theory. The point is that a detector moving with acceleration detects quanta of fields even in the Minkowsky space-time. Certainly, there exists absolutely untenable gauges for quantization in which a detector position oscillates, that causes the detection of the created particles by a detector. One may expect, that not all gauges (i.e., the systems of reference) are available for the quantization of gravitation and we adhere such a point of view. One may assume that it should exist some preferable reference frame suitable for quantization. As was pointed, the system of reference considered here is one in which the equations of motion for the background variable contain the difference of kinetic and potential energies of the field oscillators. Here massless fields have been under consideration. For massive fields, one has to take into account a concrete mechanism of mass generation and possible condensates. Thus, the problem becomes more complicated for the fields with a nonlinear interaction. When an appropriate gauge is chosen, the quasi-Heisenberg quantization scheme solves the problems of time and singularity that is describes an explicit quantum evolution. The problem of singularity is solved in this scheme in a sense that a singularity does not prevent a description of evolution within a whole time diapason.
An additional question arises in connection with a possible generalization of the GR which would provide with a consistent quantum theory. We consider this issue from the vacuum energy issue viewpoint. On the one hand, the fluctuations of the scale factor can compensate zero point fluctuations of the matter fields in framework of the toy model of quantum gravity (Cherkas and Kalashnikov 2012) , which describes a string against a curved background. This conjecture is not enough proved in the GR. However, there is no such a compensation for the Gowdy model considered in the most natural gauge where the background variable is initially spatially uniform. Hence, one needs to remove a constant contribution to the Λ ′ 0 -term by hand. The toy model describing a string against a curved background (Cherkas and Kalashnikov 2012) is conformal where an initially uniform scale factor becomes spatially nonuniform. Thus, some extensions of GR towards a conformal theory of gravity are promising. Recently, interesting steps in this direction were made by Gomes et al 2011 and supported by Smolin 2014. Authors are grateful for Belinsky V. A. for the discussion concerning the initial conditions in classical and quantum cosmology.
